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Abstract. We consider the problem of Ambrosetti-Prodi type 

Au + e u = sfa + h(x) in U, 
u = on 9f2, 

where Q is a bounded, smooth domain in R 2 , <j>i is a positive first eigenfunction 
of the Laplacian under Dirichlet boundary conditions and h £ C°' a ((i). We 
prove that given k > 1 this problem has at least k solutions for all sufficiently 
large s > 0, which answers affirmatively a conjecture by Lazer and McKenna 
1221 for this case. The solutions found exhibit multiple concentration behavior 
around maxima of cf>\ as s — > +oo. 




1. Introduction and statement of main results 

Let C K 2 be a bounded and smooth domain. This paper deals with the 
boundary value problem 



(1.1) 

where h £ C 0,Q (f2) is given, s is a large, positive parameter and cf>i is a positive first 
eigenfunction of of the problem — A</> — \cj> under Dirichlet boundary condition in 
n. We denote its eigenvalues as 

< Ai < A 2 < A 3 < • • ■ 

The Ambrosetti-Prodi problem is the equation 

fAu + S (u) = /(aO inCl, 
1 u = on dCl, 

where n C 1* is bounded and smooth, / £ C°' a (Ci), and the limits 
v — hm < n= hm 

t — > — oo t t — >+oo t 

are assumed to exist. Problem (ll.l|) corresponds to a case in which v = and 
fj, = +oo. In 1973, Ambrosetti and Prodi [2j assumed that 

< v < Ai < n < A 2 

and additionally that g" > 0. They proved the existence of a C 1 manifold Ai of 
codimension 1 which separates C 0,a (Cl) into two disjoint open regions, 

c 0a (n) = O UMUO 2 , 
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such that Problem (|1.2|l has no solutions for / £ Oq, exactly two solutions if / £ O2, 
and exactly one solution if / £ M.. 

In 1975, Berger and Podolak 0] obtained a more explicit representation for the 
result in [2] by decomposing 



/ = a<h. + h, / h<p! = 0, 
Jn 

and proving that for each such an h there is a number a(h) such that the problem 

{Am + g(u) = scpi + h in Q, ^ 
u = on dil, 

has no solution if s < a(h) and exactly two solutions if s > a(h). Written in this 
form, letting s be a parameter and h fixed, is what is commonly referred to as the 
Ambrosetti-Prodi problem. 

The convexity assumption in the multiplicity result for large and positive s was 
relaxed subsequently in In [22], Lazer and McKenna obtained a third 

solution of under the further assumption 



v < Ai < A 2 < \i < A3, 

while a fourth solution under this circumstance was found by Hofer 1201 and by 
Solimini In [22] it was further conjectured that the number of solutions for 

very large s > grows as the interval (y, fj) contains more and more eigenvalues, 
in particular, they conjectured that if 

v < Ai < fj, = +00 (1.4) 

and g does not grow "too fast" at infinity, then for all k > 1 there is a number Sk 
such that for all s > s&, Problem l|1.3fl has at least k solutions. 

Surprisingly enough, Dancer |10| was able to disprove the conjecture in the 
asymptotically linear case in which v and /i are finite, exhibiting an example in 
iV > 2 in which the interval (z/, \i) contains a large number of eigenvalues but no 
more than four solutions for large s exist. The conjecture, for both fi finite and 
infinite actually holds true in one-dimensional and radial cases under various situ- 
ations, see UH2S1 UEH2HI for these and related results. See also [51 IT31 IT4l I5U] 
for other results in the PDE case. 

How fast should "too fast" be in the growth of g under the situation l|1.4|) ? The 
authors of the conjecture had probably in mind a growth not beyond critical for 
the nonlinearity. This constraint was indeed used in [S] in the radial case. 

Recently Dancer and Yan ^2 ^2] proved that the Lazer-McKenna conjecture 
holds true when TV > 3 and 

g(t) = Xt + t p + , Kp< A < Ai , 

by constructing and describing asymptotic behavior of the solutions found as s — > 
+00. In this case v = A and /i = +00. This has also been done in the critical case 
p = if, in addition, < A and N > 7, by Li, Yan and Yang in j23J. 
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Problem (|l.l|l is also a problem involving criticality in K 2 . While, strictly speak- 
ing, the nonlinearity stays below the threshold of compactness given by Trudinger- 
Moser embedding, for which e is critical, two dimensional equations involving 
e u exhibit bubbling phenomena, similar to that found at the critical exponent in 
higher dimensions. This has been a subject broadly treated in the literature, in 
what regards to construction and classification of unbounded families of solutions 
for this type of exponential nonlinearities. 

The main result of this paper is a positive answer to the Lazer-McKenna con- 
jecture for Problem Ql.ip . Given any m > 1, there are at least m solutions for all 
s > sufficiently large. These solutions can be explicitly described: they exhibit 
multiple bubbling behavior around maximum points of (f>i. 

Theorem 1. Given any m > 1 and any s sufficiently large, there exists a solution 
u s of Problem such that 

lim / e Ws = 87rm . 



More precisely, given any subset A of for which 

sup 4>i < sup 4>i 

dA A 

and a sequence s — > +oo, there is a subsequence and m points £ A with 
such that as s —> +oo 



0i (6) = sup 0i 
A 



e u ° ^8tt^<%. 

i=l 

In particular, we observe that associated to any isolated local maximum point 
of £o of 4>i one has the phenomenon of multiple bubbling at a single point, namely 
e Us — 1 87rm^ . 

The construction gives much more accurate information on the asymptotic profile 
of these solutions, in particular we have the expansion 

m 

^ i—l 

uniformly on compact subsets of f2 \ {£i, . . . ,£ m }, where p — (— A) _1 /i in Hq(H) 
and G(x,£) denotes the symetric Green's function of the problem 

\ G(x,Q=0, xedn. 1 ' ' 

In order to restate the problem in perhaps more familiar terms, let us substitute 
u in equation by u — j~4>i — P- Replacing further the parameter s by Ais and 
setting k(x) — e~ p , Hl.lfl becomes equivalent to 

f AM + fcfaOe-^e' 1 = in CI, , . 

\ n an C" 6 ) 

\ u = on oil, 
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and thus what one typically expects are solutions of u s 1(1. 6|) that resemble 

fc 

3=1 

with rrij > 1, where £j's are maxima of <j)\. This multiple bubbling phenomenon is 
in strong opposition to the seemingly similar, well studied problem 

Am + e 2 k(x)e u = in ft, , , 

(1.7) 

u = on oft, 

with fc £ C 2 (ft), info fc > and e — * 0, where bubbling of solutions with 

/ e 2 k(x)e u = 0(1) 

is forced to be simple, namely with all mj's equal to one, as it follows from the 
results in 1251 1261 177| . Blowing up families of solutions to this problem have 
been constructed in [3] 1151 ITT] . For instance it is found in ^5] the presence 
of solutions with arbitrary number of bubbling points whenever ft is not simply 
connected, see also f° r a similar phenomenon for large exponents in a power 
nonlincarity. Multiple bubbling has been built recently, in 32 , for the anisotropic 
problem 

div (o(ar)Vu) + e 2 k(x)e u = in ft, 
u = on 9ft, 

around isolated local maxima of the (uniformly positive) coefficient a. The moral 
of our result is that multiple bubbling in the isotropic case may be triggered by the 
fact that the coefficient in front of e u does not go to zero in uniform way. Multiple 
bubbling "wants to take place" where the coefficient vanishes faster in s. This 
should be somehow connected with phenomena associated to (|1.7f) where k(x) is 
replaced by |a;| a fc(a;), weight resulting for Liouville type equations with singular 
sources. Important advances in understanding of blowing-up solutions for that 
problem have been obtained, see for instance |rSl| and references therein. 

The rest of this paper will devoted to the Proof of Theorem ^ We will actually 
give to it a precise version in terms of Problem 1)1.6(1 in Theorem below. 

As we have mentioned, we do not intend to express our results in their most 
general forms. For instance the choice of (fix as the positive function in the right 
hand side of (|1.1|) is made for historical reasons but it is certainly not essential. 
We could in principle replace it for instance by any positive function <f>, where 
now concentration will take place around local maxima of the function (— A) -1 ^ 
in H£(Cl). 

On the other hand we also remark that a similar result to Theorem^ is valid for 
the problem 

Au + Xu + e lt = scf>i + h(x) in ft, 
u = on 9ft, 

provided that A < Ai. Note that v — A, /i — +oo in this case. The basic fact is 
that A + A satisfies maximum principle. Green's function should consistently be 
replaced by the one associated to this operator. 
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1. Preliminaries and ansatz for the solution 

In what remains of this paper we fix a set A as in the statement of Theorem 1. 
For notational simplicity we assume 

max <f)\ (x) = 1. 

What we will do next is to construct a reasonably good approximation U to a 
solution of ((1.6(1 which will have as parameters yet to be adjusted, points £j where 
the spikes are meant to take place. As we will see, a convenient set to select 
£ = • ■ ■ ,£ m ) is 

O s = U e A™ : 1 - Mtj) <^=,Vj = l,...,m, and min|& - &| > -1}, (1.1) 

where the number (3 > 1 will be specified later. We thus fix £ G O s . 
For numbers fij > 0, j = 1, . . . ,m, yet to be chosen, we define 

Uj (x) = Uj, s (x) = log—— — f 2 + s(f>i(&) - logfc(^j). (1-2) 



so that Uj solves 



Au + kiQ&e" = in M 2 , / k(QS]e u = 8tt, (1.3) 

it 2 

where, since we are approximating a solution to 11.6(1 . we naturally choose 

5 j = 5 j (s) = ex V {-^M^)}- (L4) 

Note that Uj is not zero on the boundary of fl, so that we add to it a harmonic 
correction so that boundary condition is satisfied. Let Hj{x) be the solution of 

jAHj=0 infl, 
1 Hj = —Uj on dtt. 

We define our first approximation E/(£) as 

m 

u(o = J2 u ^ 1 ■ "■■ ■ "■■ (i-5) 

As we will see precisely below, Uj + Hj ~ G(:r, where G(x,£) is the Green 
function defined in (|1.5fl . Let us consider H(x,£), its regular part, namely the 
solution of 

(-A x H(x,0=0 xen, 
\H(x,y)=r(x-y) = -4lo gj ^, x £ dtt, l ' j 

so that 

G(x, y) = iJ(x, y) - r(x - y). 
While Uj is a good approximation to a solution of ((1.6(1 near it is not so much 
the case for {/, namely 

U = Uj + (Hj + J2 u k), 
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unless the remainder vanishes at main order near £j . This is achieved through the 
following precise choice of the parameters /ifc: 



log 8/4 = logfcfo) +H(£ k ,t k ) + £)G(fc,&). 

Let us observe in particular that since £ € S , 

— < < C*s 2/3 , for all = 1, . . . , to. 

some C > 0. 

The following lemma expands Uj in f2. 
Lemma 1.1. Assume (£O s . T/ien we have 



(1.7) 



(1.8) 



^•(ar) = H(x,^) - log8 M 2 + logfefo) + 0(^ 2 <5 2 ), (1.9) 
uniformly in Q, and 

Uj (x) = logS^ 2 - logfcfo) - T(x - £,) + 0^ 2 s 2 ^ 2 ), (1.10) 
uniformly in the region \x — £j\ > ^jf, so that there, 

U J (x)^G(x^ J ) + 0( f i 2 S 2 ' 3 8 2 ). (1.11) 

Proo/. Let us prove l|1.9|l . Define z(x) = Hj(x) + log8^ 2 - logfc(^) - H(x,£j). 
Since z is harmonic we have 



max \z\ 



max \- Uj + log8^ 2 - logfc(^) - T(- - Q\ 

a£7 



max 

xedn 



log 



log 



(#] + k~6l 2 )' 



o(a^ 2 ), 



uniformly in 51, as s — > oo. Expansion (|1.10J) is directly obtained by definition of 

□ 



Uj and [ij 



Now, let us write 

S = S(s) = e~ s ' 2 , n s = r x o, o = 6%. 
Then w solves (|1.6|) if and only if v(y) = u(8y) — 2s satisfies 

(Av + q(y 7 s)e v = 0, in ft s , 
U(y) = -2s, yed(l s , 



where 



q(y, s) = k{6y) exp { - s{(j>x(Sy) - 1)}. 



(1.12) 



(1.13) 



Let us define V(y) = U(8y) — 2s, with U our approximate solution (|1.5J) . We 
want to measure the size of the error of approximation 

R = AV + q{y,s)e v . (1.14) 
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It is convenient to do so in terms of the following norm. 

m 

IHI * = "n P J[§(7| + b-^| 2 ) 3 / 



where 

7j = MjM" 1 = N exp {-(1 - MZj))}- (1-16) 
Important facts in the analysis below are the estimates 

^<7,<^ 2 ^/ 2 , (5 7i ) < C S 2/ V S / 4 . (1.17) 
Here and in what follows, C denotes a generic constant independent of sor^S O s . 
Lemma 1.2. The error R in \1.14\ satisfies 

\\R\U < Cs 2f3+1 e- s/4 ass^oo. 
Proof. We assume first \y — £' k \ < j^pg, for some index k. We have 

m JUl R-y 2 
AV(y) = -6 2 J2 Kti)*"* 1 fe ;) e Ui {Sy) = - E (rv 2 



^(-tf + lv-SI 9 ) 2 



87, 



2 



h 2 k + \y-C k \ 2 ) 2 (i , 

Let us estimate q(y, s)e v (y). By (|1.9|l and the definition of fj/^s, 

H k (x) = ff(a,^)-log8 M I + logfc(0) + O(/i^) + O(k-al) 
= - E G (0^fc) + 0(d5t) + 0(\x - &|), 

and if j 7^ fc, by (fl"TT|) 

C/,(x) = Uj (x) + Hj(x) = G(0, &) + 0(\x - &|) + 0(m 2 s 2/3 <5 2 ). 

Then 

fl*(x) + E C7,-(x) = E Oinyq) + 0(|x - &|). (1.18) 

j^k j 

Therefore, 

g(y,s)e v ^ = q(y,s)5 4 exp{u k (5y) + H k (5y) + J2Uj(5y)} 
8/i^g(y, s) 



(7^ + |y-^l 2 ) 2 fc(6) - , rA 



{i + ^o( M | s 2 ^)+o(%-eii)} 



87^ 



(7 fc 2 + |y-^l 2 ) 2 

We can conclude that in this region 

*7 fc 2 %-^. 



{l + 0(sS\y-Q)} 
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If \y - Cj\ > fOT a11 ■?> Usin S 03> ( f T ^l > and mm 

we obtain 



j 

and 



q(y, s)e v ^ = 0(<5 4 exp{- £ T(x - &)}) = O^™" 1 ^ 4 ). 

Hence, 



3 

for some X > so that finally 

||i*||* = ^0( S7fe 5) 

and by estimate H1.17fl the proof is concluded. □ 
Next consider the energy functional associated with (|l.tj[l 

J s [u] = ~ [ |Vw| 2 - / k{x)e~ s ^e u . (1.19) 

We will give an asymptotic estimate of J S [C^], where U(^) is the approximation l|1.5fl . 
The choice of parameters \ij as in (|1.7|l and computations essentially contained in 
[T5| show that the following expansion holds: 

Lemma 1.3. With the election of /ij 's given by \ 1. 7| ), 

m 

J S [U] = leTr^logie, - 01 + 87r«£^fe) + °W> ( L20 ) 
where 0(1) is uniform in £, £ O s . 

In the subsequent analysis we will stay in the expanded variable y € Q s so that 
we will look for solutions of problem 1)1. 13|) in the form v = V + ip, where ip will 
represent a lower order correction. In terms of tp, problem (|1.13|) now reads 



C(i>) = Aip + Wtp = -[R + N(tp)] inO s , 
tp = on dfl s 



(1.21) 



where 



N(i/j) = W[e^ - 1 - ip] and W = q{y, s)e 



v 



Note that 

W W - £ (7 2 + | y _ g|5)5 + Q(^ly - 3D) 

which can be written in the following way 

Lemma 1.4. For y e Q s and £ e O s> W(y) = 0(8 2 Y^ =1 ^e u ^), and then 
\\W\U=0(l). 
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2. The linearized problem 

In this section we develop a solvability theory for the linear operator C defined 
in (|1.21|) under suitable orthogonality constrains. We consider 

cy>) = av + ww, (2.1) 

where W(y) was introduced in ljl.21|l . By Lemma fT^I the operator C resembles 

m 

£ (i:) = A^+(s 2 Y / ^e u ^, (2.2) 

which is a essentially a superposition of linear operators which, after translations 
and dilations, approach as s — > oo the operator in R 2 

£.(V0 = AV>+ (1+ ^ [a)a ^, (2.3) 

namely, equation Av+e" = linearized around the radial solution v(y) = log ^qq^pp. 
The key fact to develop a satisfactory solvability theory for the operator C is the 
non-degeneracy of v up to the natural invariances of the equation under translations 
and dilations. In fact, if we set 

ZoM = jf^, (2.4) 

4z- 
1 + \z\ 2 

the only bounded solutions of £*(ip) — in M 2 are linear combinations of Zi, 
i = 0, 1, 2; see [3] for a proof. 

We define for i = 0, 1, 2 and j = 1, . . . , to, 

Zy(y) = -Z 4 , t = 0,1,2. 

7i V 7j J 

Additionally, let us consider Rq a large but fixed number and x a radial and smooth 
cut-off function with x = 1 in B(0, Rq) and x = in B(0, R + l) c . Let 

Xj(y) =xbfj~ l \y-£i\), 3 = i,...,m. 

Given h 6 L°°(O s ), we consider the problem of finding a function i/j such that for 
certain scalars one has 

C(ip) =h + J2i=i Ejli CijXjZij, m 

V- = 0, on dn s , (2.6) 
Jn s Xj(v) z ij^ = 0, for all i = 1, 2, j = 1, . . . , to. 

Proposition 2.1. There exist positive constants so > and C > smc/i that for 
any h € L°°(Q S ) and any £ € O s , £/iere is a unique solution ip — T(h) to problem 
\2.6}) for all s > so, which defines a linear operator of h. Besides, we have the 
estimate 

||T(/i)||oo<C«||fc||.. (2.7) 
The proof will be split into a series of lemmas which we state and prove next. 
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Lemma 2.1. The operator C satisfies the maximum principle in fin = Q s \ I JJL 1 
B(£j, Rr/j), for R large but independent of s . Namely, if £(ip) < in fl r andip>Q 
on dQfi, then ip > in £Ir. 

Proof. Notice that for s sufficiently large, jj < S~ x , for all j. This ensures that Hr 
is well defined. Now, it is sufficient to find a smooth function f(y) such that / > 
in CIr and £(/) < in Qr. 

For this purpose, we use the following lemma, whose proof is contained in |32| : 

Lemma 2.2. There exist constants Ri > 0, C > such that for any s > large 
enough, there exists f : CIr 1 — > [l,oo) smooth and positive verifying 



£(/)<-£ 



7j 



in D,r 1 , and 1 < / < C uniformly in Qr 1 . 

We briefly recall the argument: we consider numbers R\, s large enough and 
define 

if 



^f(y) = f (6y)-J2- 



with /o the solution of — A/o = f in fi, /o = 2 on and a € (0, f). ft is directly 
checked that / verifies the required conditions. □ 

Let us consider now the inner norm 

= sup \ip\ 

Mr 

where we understand fl R = fl s \flR = U^ =1 B(^ , i?7j). 

Lemma 2.3. There exists a constant C = C(R,m) > such that if C(ip) — h in 
fl s , ip — on dfl s , h G L°°(Q S ), and s is sufficiently large, we have 

||VlU<C{||^lk + ||/i||*}- (2.8) 

Proof. We will establish this estimate with the aid of Lemmas 12.11 and 12.21 We let 
/ be the function defined in the latter result. We consider the function 

4> = (Mh + \\h\U)f, 

and claim that ip > \ip\ on dflR if R is sufficiently large. In fact, if y € dfl s , by the 
positivity of /, we have 

4>(y)>0 = \i>(y)\. 
On the other hand, if |y — £' k \ = i?7fe for some k = 1, . . . , m, 

${y) > \M\if > U\U > my)\, for \y -Q = Rik, k = i,...,m. 

m 

Finally, using that |%)| < ld _ „ |2 .. 3/2 + S 2 ) ||ft||*, we have for y e 



TWO-DIMENSIONAL LAZER-MCKENNA CONJECTURE 



11 



c$M < (IH| l + IN*W)<H|/c{E^ J ^ + < 52 } 



< 



771 



^(7l + |y-^l 2 ) 3 / 2 

; -\h(y)\ < -m)(y)\ 

provided R large. In particular, we have C{tp) < —£{ip) and C(ip) < C(ip), in SIr. 
Hence, by Maximum Principle in Lemma |2.1I we have 1^(2/) I < ^{y), f° r V G ^-R- 
From this we obtain 

Woo< Halloo < c , {W< + 11%} 

as desired. □ 
The next step is to obtain a priori estimates for the problem 

£(-0) = h, in Q s , 

ip = 0, on dCl s , (2.9) 
J n Xj^ij^ — Oj f° r au * — 0, 1, 2, j = 1, . . . ,m. 

which involves more orthogonality conditions than those in (|2.fi|l . We have the 
following estimate. 

Lemma 2.4. Let ip be a solution of Problem with (eO s . Then, there exists 
a C > such that 

HVlloo <C||/i||* (2.10) 

for all s > sufficiently large. 

Proof. We carry out the proof by a contradiction argument. If the result was false, 
then, there would exist a sequence s n — > oo, points £" € Cs„, functions h n with 
||/i rl ||* — > and associated solutions ij) n with H^nlloo = 1 such that 

C(ip n ) = h n , inO Sn , 

^„ = 0, ondO s „, (2.11) 
J*^ XjZijip n = 0, for all i = 0, 1, 2, j = 1, . . . , m. 

By virtue of Lemma 12.31 and HVvJIoo = 1 we have hmmf n _> oo ||'0 n ||j > a > 0. 
Let us set ipn{z) — VVi((£j)™ + 7™z), where the index j = j(n) is such that 
sup B (£/7i # 7j )|VVi| > a, and can be assumed to be the same for all n. We notice 

that 4> n satisfies 

a^„ + ( 7 ;) 2 w^„ = {ij) 2 K, m n n = 77 x (fi s - (c;-) n ) ■ 

Elliptic estimates allow us to assume that ipn converges uniformly over compact 
subsets of K 2 to a bounded, non-zero solution ip of 

A ^ + n XT = °- 

(1 + |z| 2 ) 2 
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This implies that ip is a linear combination of the functions Z%, i = 0,1, 2, namely, 
tp = Y^k=o a kZk- But orthogonality conditions over pass to the limit thanks to 
IVVilloo < 1- Dominated convergence then yields 



= / XjZiji'n = / X^ii>n + o(l) 

2 f 

= y^ a k X Z i Z k + o(l 
fc=0 2 



2 

i = Q,l,2. 



But J R2 xZiZk = for i ^ k and J R2 x z f > 0. Then a fe = for all k = 0, 1, 2 and 
hence $ = 0, a contradiction with limin^^ooH^nHj > 0. □ 

Now we will deal with problem (|2.9() lifting the orthogonality constraints J n XjZoji> 
0, j = 1, . . . , m, namely 

£(-0) = /i, in f2 s , 

= 0, on dfl s , (2.12) 
Jn s XjZijip = 0, for alH = 1, 2, j = 1, . . . , to. 

We have the following a priori estimates for this problem. 



Lemma 2.5. Let ip be a solution of with ( £ O s . Then, there exists a C > 

such that 

Moo < Cs\\h\U (2.13) 

for all s sufficiently large. 

Proof. Let R > Rq + 1 be a large and fixed number. Let us consider the function 

Z 0j = Z 0j (y) -- + a 0j G(Sy, (2.14) 

7i 

where 

1 

aoj = 7i{ff&.fc)-4log(*yi*)} ' (2 ' 15) 

From estimate (|1.8fl . we have 

Cillog^-I <log(<5 7j i?) <C 2 |log^| 

and 

*»<"-°(» 

Next we consider radial smooth cut-off functions 771 and 772 with the following 
properties: 

< 771 < 1, 771 ee 1 in B(0,R), 771 ee in 5(0, i? + l) c ; and 
< % < 1, % ee 1 in B(0, 1), % ee in 5(0, ^) c . 
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With no loss of generality we assume that -B(0, |) C 57. Then we set 

vM = m (^^) > *to(v) = {M\V - $|) , (2-17) 

and define the test function 

Zoj = Vij z oj + (1 - Wij)W2jZoj- 
Let ip be a solution to problem l|2.12[l . We will modify t/j so that the extra 
orthogonality conditions with respect to Z j 's hold. We set 

m 2 m 

^ = ^ + d ^ + EE e ioXjZij. (2.18) 

3=1 1=1 3=1 

We adjust -0 to satisfy the orthogonality condition 

XjZiji> = 0, for alH = 0,1,2; j = l,...,m. (2.19) 



Then, 

m 2 m 

= ft + X] ^£(^03) + E E eijtbCjZij) • (2.20) 
3=1 »=i 3=1 

If H2.19fl holds, the previous lemma allows us to conclude 

tci 2 m 

ii^iu^c-liift^+^i^iiiA^oiu+EEi^iii^Aoii*}- ( 2 - 21 ) 
3=1 i=i 3=1 

Estimate (12.13(1 is a direct consequence of the following two claims: 
Claim 1. The constants dj and eij are well defined and 

||£(Xi%)ll* < \\^(Z 0j )\U< C n° g ° r i = l,2;j = l,...,m. (2.22) 

7j 73 1 log °j I 

Claim 2. XTie following bounds hold. 

\dj\ < C-fjllogSj] ||%, |ey| < C-yj logs i = 1,2; j = 1, . . . ,m. (2.23) 

After these facts have been established, using that 

C C 

ll^ojlloo < — and HxjZylloo < — , 
li I3 

we obtain (|2.13() . as desired. 

Let us prove now Claim □ First we find dj and ey. From definition 12.18|l . 
orthogonality conditions (|2.19|) and the fact that suppXjXfe = if j 7^ fc, we can 
write 

,..__^kj. Jo. _£ ; i = l,2;j = l,...,m. (2.24) 



/n, Xj3 
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Notice that / Z 2 jX 2 = c > 0, for all i, j, and 
Then, from 

We need to show that dj is well defined. In fact, multiplying definition i|2.18[l by 
ZokXk, integrating and using the orthogonality condition (|2.19fl for i = 0, we get 

y^dj XkZokZoj = - / XkZok^P, Vfe=l, ...,m. (2.26) 
But / XkZokZok = / Xfc-^ofc = C, for all k, and 



n s \7j|log<W 



7fc log s 



ii k + j. Then, if we define 



m k 3 = / XkZokZoj, and f k = - XkZ k*P, 
system <|2.26ll can be written as 

m 

^2 m kjdj — fk, k = l,...,m 

3 = 1 

But the matrix with coefficients ^ji^kjl^ 1 is clearly diagonal-dominant, thus in- 
vertible, so the matrix rrikj is also invertible. Thus d^ is well defined. 

Let us prove inequalities (|2.22(l . We note that in the region \y — £j| < (R+ 

£(XjZij) = Xj£(Z lj ) + AxjZ ll +2Vxj-VZ i] 

= o( °M ) +0 ( nl ) 



+o 



{i 2 J + \v-e ] \ 2 f' 2 ' 



and then \\L{x 3 Z tJ )\\* = O^j 1 ). We prove now the second inequality in 12.22JI . In 
fact, 



C(Z 0j ) = A m3 (Z Q3 - Z j) + 2V Vl3 ■ V(Z Qj - Z 0j ) + 2V%j • VZ 0j + Ar] 2j Z 0j + 

+ Vij{^(Zoj) - £(Z j)} + rj 2 j£(Z j), 
Now we consider the four regions 

Hi = {\y - <J| < ~fjR} , tt 2 = { 7j i? < \y - £| < 7j (R+ 1)} , 
0a = {7i(ii + l)<|y-^l<^}, andf ^{^<l2/-^l<^}- 
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Notice that (fT"T3|) and (23J| imply 

Vij{^(Z 0j ) ~ £(Z 0j )} + ri2j£{Z j) = O 



s5 ^ 



for all y S f2i U f^2- Lut us now analyze C(Zoj) in each 0$. In Oi , 



£(Z 0J ) = O 



{i 2 + \y-i'\ 2 f /2 ' 



In fi 2 



Zoj - Zoj 



^- - a oj G(5y,Xj) = -a 0j I Hog ^^Tj + °( 5 7j) 



hence we conclude 



and then 



7,- 1 log | 



and 



= o 



7 7 2 |log<5,| 



C(Z 0j ) = o 



7? I log Sj 



In 4 , thanks to ^Tlty . \Z oj \ = O 
C(Z 0j ) = AZoj+WZqj 



jj\logSj 



, |VZ ,|=O 



= o 



Then, in this region 



7j 



(i 2 + \y-m 2 



7j|logJj 



7a 2 



(2.27) 



(2.28) 



(2.29) 



(2.30) 



(2.31) 



and 



||£(Zoi)||. = O 



/ 1 



V7j|log^ 



(2.32) 



Finally, we consider i/ e O3. We have 



£(Zoj) — £(Zoj) 

= \w- 



8" 



(i] + \y-^w\ Zoj + W \ aojG{5y ^ ) -V j 



= Ax + A 2 . 

To estimate these two terms, we need to split into several subregions. We let 



n3j = {7i(a + i)<|y-£l<2^}, 



3,fe 



li/-&l< 



2sH 



and = < y £ f2j 



|y-£l> 



2 S p <r 



V/ 
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h 2 + \y^'\ 2 ) 3/2 



From Lemma IP A 1 = 0\ t _ 2 ■ K lj ^ n9 ^ /9 ) in Sl 3>j , and A 1 = 0{s K 5 2 5 2 ]1 j 1 ) 



in Q3. 

if v g n 3 ,j, 
a 2 = o 



w { - io g7j i? + \og\y -€j\ + &\y-Cj\\ 



o 1 1 



Jlog^|( 7 | + |y-^l 2 ) 3 /V 

and Ai — 0(s K 5 2 S 2 ), for some large K. Finally we get, for all y £ f^j U O3, 
In f^/., fe 7^ i, we write 

-87^ 



2 + |y-^l 2 ) 2Zoj ' + irZl " 

(7| + b-^l 2 ) 2 7i|iog^| 



7fc log s 



7 fc 2 G(Sy,^j) 



O 



,(7, 2 + |y-^l 2 ) 2 7,|iog^|, 

and then, combining (|2.27|) - (|2.33|) and the previous estimate, we arrive at 



\\£(Z 0j )\U = O 



( logs 



V7i|log<5il 

Finally, we prove Claim [21 Testing equation (|2.2U|) against Zoj and using relations 
$Fn\ . it!T25l) . we get 

m „ 
fc=l ^ 

/ hZ Qj - i>C(Z 0j ) + y~] y^eik / XkZikC{Z Q j) 



i=i fc=i 



< c & + cii^iuii^oii* +^EEm i|£(Zoj)I1 



< C||/i|| 



f 1 1 m 

A- + \\L(Z 0j )\\* +cY}dk\\\L{Z 0k )UC{Z 0j )\\ 



/■■ ! /,-■ I ^ k 
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where we have used that 



7? 



In. h] + \y~C J \ 2 ) 3/2 

But estimate <|2.25|1 and Claim 2] imply 



< C for all j. 



/'II 



\dj\ / C(Z 0j )Z 0j < c 
In. 7j 

+Cj2\dk\ 



141 log 2 s 



fr[ 7i7fc|log<yiogc5 fc 
£(Zoj)Zok 



■+ 



(2.34) 



We only need to estimate the terms / C(Zoj)Zok, for all fc. We have the following 
Claim 3. If R is sufficiently large, 

C(Z 0j )Z j 



E 



i> 7j|log<5j 



(2.35) 



where E is a possitive constant independent of s and R. Besides, if k =/= j 

log 2 s 



£(Z j)Z k — O . 
<2. \ Tfe I log 5j I j log 5 fc 1 



(2.36) 



Assuming for the moment the validity of this claim, then replacing (|2.35() and 
lHHH in (EH, we get 

^ 141 l0g2fi (2.37) 



7j ^ 7fc I log 4] 



and then, 

l^l^^llog^HI^IU. 
Finally, using estimate (|2.25() . we conclude 

|ey | <C 7j logs\\h\U 

and Claim [3 holds. Let us proof Claim [3] Let us try with the first term (|2.35() . Wc 

decompose 

f C(Z 0j )Z oj = 0(a8 s ) + f C(Z oj )Z 0j + f C(Z oj )Z 0j + f C(Z 0j )Z oj 
Jn s Jn 2 Jn 3 Jn 4 

= 0{s5j)+h + h + h- 
First we estimate I3. From l|2.33|l . 



C(Z j)Z j 

c(z j)z j + 



C(Z j)Z j 



o 



1 



i?7 2 |log<5, 



O 



log 2 g 
7 2 |log<5 3 | 2 
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Now we estimate I4. From the estimates in O4, \IA = O ( — ^ | . On the 

^7/|iog^| 2 y 

other hand, we have 

sS 



h = f { Arm {Zoj - Z 0j ) + 2V?ji j ■ V(Z oj - Z 0j )\ Z 0j + O 
JO.-, 1 > 



In* >■ > V- ; /' ,J 

Thus integrating by parts the first term above we find 

h = Vrjij ■ V(Z 0j - - Z 0j )Z 0j - [ \V mi \ 2 (Z 0j -Z aj ) 2 + 

V??ij • VZ 0j (Z 0j - Z 0j ) + / {rjijCiZoj) + (1 - r]i j)C(Z oj )} 
o 2 Jn 2 



Using and {215)1 . we get |VZ o; | = 0(- 5r - s in Q 2 , 



1 



fc.b - O I 9l1 fl f „ J , h,c=0' ' 



v 7||log^| 2 ; ' z ' c \R^\logd 3 \ 
and I 2)d = O ( 2 f — — I . 



we conclude 
H+ 1 /1 ^ 



Now, as Z 0J =Z 0J (l + 0(^|)), 

= W (1+o(1)) - 

where _E is a positive constant independent of s and R. Thus, for fixed R large 
and s small, we obtain (|2.35l) . The second result can be established with similar 
arguments. □ 

Now we can now treat the original linear problem (|2.6(l . 

Proof of Proposition ^, ll We first establish the validity of the a priori estimate 
for solutions ip £ L°°(fi) of problem (ESJ), with h G L°°(fi). Lemma (|23J) 
implies 

2 m 

||*}, (2.38) 

i=i j=i 

but 

llXi^yll* < C7j, 

then, it is sufficient to estimate the values of the constants Cy. To this end, we mul- 
tiply the first equation in (|2.ti|) by ZijT]2j, with r]2j the cut-off function introduced 
in (|2.17|) . and integrate by parts to find 

/ 1p£(ZijTl2j) = / hZjjr]2j + y^y^Cfc; / T)2jZijXlZkl, (2.39) 
JS1 S JO s fc=1 , =1 ,/f2 3 
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It is easy to see that / hr]2jZij = 0(7,- On the other hand we have 

in, 



= 0(S 3 



W 



87 7 2 



(7l + l2/-^l 2 ) 2 



r l2j Z ij = 0{5 i ) + B j 



To estimate Bj 7 we need to split supp^ into several pieces. We consider the 
following subdomains. For a fixed j, we let 



Cl lk =\ \y-&\ < 



1 



for any k — 1, . . . , m, and 
Cl 2 = 



2s^ ' 



i»-$l<^, ly-eil>^, 



In using Lemma Tl .21 £?j = O 



Bj = 



In fii fc , fc ^ j, 



S ^7i 



(7, 2 + |y-^l 2 ) 2 



Finally, in O2, -Bj = 0(s K 5^S 3 ), for some constant K > large. Then, 



ip£(r) 2 jZ i:i ) 



< Cs p 6\\ip\\ 



Now, 



V2jXjZijZ k i — CSik 



and if j ^ I, and s is sufficiently large, 

rj 2 jXiZijZki = 0(jis^6). 



Using the above estimates in l|2.39[) . we obtain 



and then 



< cs^uu + -\\h\u +c£5> fcl iv<s 



\c ii \<C8 f> 6\\1>\\ 00 + —\\h\\*. 

li 

we conclude the validity of (|2.13|) . 



(2.40) 



Putting this estimate in 

Finally, the a priori estimate implies in particular that the homogeneous problem 
has only the trivial solution. A standard argument involving Fredholm's alternative, 
see e.g. ^3], gives existence. This concludes the proof. □ 
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Remark 2.1. The operator T is diffcrcntiable with respect to the variables In 
fact, computations similar to those used in |15| yield the estimate 

ll^/T^Hoo < Cs 2 ||/i||„ for alU = 1,2; k = l,...,m. (2.41) 

Important element in this computation is that ^- < C, uniformly on s. 



3. The intermediate nonlinear problem 

In order to solve Problem 11.21|l we consider first the intermediate nonlinear 
problem. 

cy>) = -[r+ n(j>)] + Eli Ef=i ajXjZij, in n„ 

rp = 0, on dtl s , (3.1) 
In, XjZijip = 0, for alH = 1, 2, j = 1, . . . , to. 
For this problem we will prove 

Proposition 3.1. Let £ S O s . Then, there exists sq > and C > suc/i that for 
all s > Sq the nonlinear problem \3.1\l has a unique solution ip € which satisfies 

Wlco <Cs^ +1 e~ s / 4 . (3.2) 

Moreover, if we consider the map £' € O s — » V G C(f2 s ), i/ie derivative D^/ip exists 
and defines a continuous map of £' . Besides 

Halloo <C.s^+ 2 e - s / 4 . (3.3) 

Proof. In terms of the operator T defined in Proposition ^. II Problem l|3.1|l becomes 

V> = B(V0 = -T(N(*ip) + R). 

Let us consider the region 

^={^GC(n.)|| < s 2/3+1 e - s / 4 }. 

From Proposition ^. II 

IIBWIIoc^CslHiVWIU + PII*}, 

and Lemma Tl . 21 implies 

Also, from the definition of JV in H1.21JI . Mean- Value theorem and Lemma I1.4I we 
obtain 

IIW)IU<l|w r IUIWL<c||^||2 . 

Hence, if tp € .F 7 , ||B(V>)ll°o < Cs 2/3+2 e - s / 4 . Along the same way we obtain 
||iV(V>i) - N(tp 2 )\\* < C maxj=i ) 2||V'i||oo||^ , i - V^Hoo, for any ipi,ifc G T^. Then, we 
conclude 

||B(Vi) ~ B(^2)|U < Cs ||JV(^i) - < C s 2/3 + 2 e ^/ 4 ||^ - ValU 

It follows that for all s sufficiently large B is a contraction mapping of J 7 ^, and 
therefore a unique fixed point of B exists in this region. The proof of l|3.3|l is 
similar to one included in |15| and we thus omit it. □ 
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4. Variational reduction 

We have solved the nonlinear problem 1)3.1(1 . In order to find a solution to the 
original problem 1(1.21(1 we need to find £ such that 

c tj = Cij(£') = 0, foralH,j. (4.1) 

where Cy(£') are the constants in 1(3. ljl . Problem 1(4.1(1 is indeed variational: it 

is equivalent to finding critical points of a function of In fact, we define the 
functional for £ G O s : 

^) = J s [U(0+^} (4.2) 

where U(£) is our approximate solution from 1(1.5(1 and = ip(j , ^) , x £ tt, with 
= V-V the unique solution to problem 1(3. l|l given by Proposition 13. II Then we 
obtain that critical points of T correspond to solutions of ((4.1(1 for large s. That is, 

Lemma 4.1. T : O s — > K is of class C . Moreover, for all s sufficiently large, if 
-D^JF(^) = then £ satisfies 

Proof. The proof of this fact is standard, see JS], or [32]. Here the estimate 
found for D^/ip is used. □ 

The estimates for the solution if>£i for Problem l(3.1|) in Proposition I3.ll and a 
Taylor expansion of T in the expanded domain Q, s similar to one done in |15( give 
us 

Lemma 4.2. For points £ € O s the following expansion holds 

Fs(Q = J S [U(0] +0,(0, (4-3) 
w/iere |0 S | = 0(s K e- s / 2 ), /or some /iired constant K > 0, uniformly on s. 



5. The Proof of Theorem 

We consider the set 

S = {xeA\(/)i(x) = l}. (5.1) 
The result Theorem ^ is a direct consequence of the following more precise result. 

Theorem 2. Given any positive integer m there exists sq > sufficiently large 
such that problem l(i.6|) has a solution u s positive in of the form 

u s (x) = U(£ s )+i> s , (5.2) 

which possesses exactly m local maximum points £J, . . . € A 7 satisfying that as 
s — ► 00 

(i) dist(£|, 5) - and |£f - g| > i ^ j; 

(ii) Halloo -»■ 0. 

The construction actually yields 1 — </>i(£|) > s - ^. Thus if 5 is just constituted 
by a non-degenerate maximum point x we will have — S| < Cs _ 4. 
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Proof. According to Lemma PTTl U((, s )+ip£s is a solution of problem ljl.6|l if £ s 6 O s 
is a critical point of the functional T defined in H4.2JI . We recall in particular that 
1 1 V 7 ?" I loo — > as predicted by estimate H3.2() . It thus suffices to establish that T 
attaints its maximum value in O s for all sufficiently large s, for which we will see 

sup < sup (5.3) 

First we obtain a lower bound for sup^ gC)s •?■"(£) Let us fix a point x € S and set 

where £ = ■ ■ ■ ,£ m ) is a TO-regular polygon in M 2 . Clearly £° S O s because 
<Mf°) = 1 + Ois- 1 ). Then 

sup^) > j s (c/(e°)) + s (c o ) 



= 8tt{ ^ 2 log|4? ~ £°l + *E + 0(1) 

i& 3 = 1 

> 87tto{ - (to - l)log s + sj + O(l) 



Then, 



sup .F(£) > 8tttos - 8ttto(to - 1) logs + 0(1). (5.4) 

Next we estimate from above for £ e dO s . Then, there are two possibilities: 
either (1) there exist indices Jo, jo, *o 7^ Jo such that |£j — ^ | = s _/3 , or (2) there 
exists io such that 1 — 0i(£i o ) = ^75 > 0. 

In the first case, we have the following upper bound 

rn „ 

F(0 < 87r { - 20logs + sY,M£j)} + < ^rn{s /Slogs} + 0(1). (5.5) 

In the second case, 1 — 0i(£f o ) < • Then 

^(0 < 8vr{o(log S ) + s (l-^= + (m- 1))} < 8™(to - ^) + O(logs) .(5.6) 

At this point we make the election (3 > to 2 + to in the definition of O s - Relation 
(|5.3() immediately follows from combining estimates Ij5.4[l , Ij5.5[l , Ij5.6|l and taking s 
sufficiently large. This finishes the proof. □ 
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